Abstract. Let R be an H-module algebra, where H is a pointed Hopf algebra acting on R finitely of dimension N . Suppose that L H = 0 for every nonzero H-stable left ideal of R. It is proved that if R H satisfies a polynomial identity of degree d, then R satisfies a polynomial identity of degree dN provided at least one of the following additional conditions is fulfilled:
Introduction
This paper is motivated by the following general question: if H is a finitedimensional Hopf algebra over the field K, and R is a left H-module algebra such that the algebra of invariants R H satisfies a polynomial identity, must R also satisfy a polynomial identity? The answer to this question is positive in many concrete situations, e.g.,
(1) when H = K [G] , where G is a finite group, and either |G| −1 ∈ K or R is reduced (see [K1] and [K2] ); (2) when H = K [G] * (see [BC] and [BaZ] ); (3) when H = u(L), where L is a finite-dimensional restricted Lie algebra of derivations of a prime ring R with char R = p > 0 such that R H is semiprime and the elements inducing the X-inner part of L generate a quasi-Frobenius algebra (see [K3] ); (4) when H is such that for every H-module algebra R such that R H is nilpotent, also R is nilpotent (see [BaL] ); (5) when H is pointed and R contains an element γ such that t · γ = 1, for some 0 = t ∈ l H , the space of left integrals of H (see [BeT] ). However for actions of finite groups, where |G|R = 0, it is known that the answer can be negative. In an example of Bergman, there is an action of a group G of order p 2 (where p is the characteristic of K) on the algebra R = M 2 (K[x, y]) of 2 × 2 matrices over a free algebra K [x, y] such that R G is commutative. Recall that in this example, G is generated by the inner automorphisms induced by 1 x 0 1 and 1 y 0 1 .
Then R is a prime ring where every nonzero G-stable left (right) ideal of R contains nontrivial invariants. This shows that the assumption that every nonzero H-stable left ideal of R contains nontrivial invariants is not sufficient to obtain a positive answer to the above question. Notice that in the above example R H contains nilpotent elements. The main goal of this paper is to present a condition, which guarantees, for a semiprime algebra R, that if R H satisfies a PI, then R also satisfies a PI. We will show that if H is pointed and every nonzero H-stable left ideal contains a nontrivial central invariant, then R H satisfying a PI implies that R satisfies a PI. This extends a situation considered in [C] and [CW] , where actions of Hopf algebras with central invariants are studied. The PI condition for prime rings with central rings of invariants under the action of p-nilpotent groups, nilpotent Lie algebras and Lie superalgebras was also considered in [BCF] and [BG] . In the second main result, we show that if R has no nonzero nilpotent elements, then the assumption that nonzero H-stable left ideals contain nontrivial invariants is sufficient for lifting the PI property from R H to R. Note that the most typical nontrivial examples of pointed Hopf algebras, which are neither group algebras nor universal enveloping algebras, are given by Lusztig's finite-dimensional Hopf algebras u q (g) arising from quantized enveloping algebras at roots of unity for semisimple Lie algebras g (see [AS] ).
Throughout the paper K will be a field, H a pointed Hopf algebra over K, and R an algebra over K. We let ∆ : H → H ⊗H be the comultiplication of H, : H → K is the counit of H, and S : H → H the antipode of H. We say that R is a left
If A is a subset of R such that h · A ⊆ A, for all h ∈ H, then we say that A is H-stable. When R is a left H-module algebra one can consider the smash product R#H. As a vector space R#H is R ⊗ H. The elements of R#H can be written as finite sums a h h, where h ∈ H and a h ∈ R. Then the multiplication in R#H is determined by the formula
If R is a left H-module algebra, then R becomes a left R#H-module using the left action (ah).r = a(h · r), where a, r ∈ R and h ∈ H. Then the commuting ring End R#H (R) is isomorphic to R H and the submodules of R over R#H are precisely left H-stable ideals of R.
If R is semiprime, we let Q = Q(R) denote the symmetric Martindale quotient ring. Its center, known as the extended centroid of R, we denote by C. The following properties of Q, when R is acted on by a Hopf algebra, are proved in Propositions 1, 2 and 5 of [GH] .
Lemma 1. Let R be a semiprime H-module algebra such that the H-action on R extends to an H-action on Q and any nonzero H-stable ideal of R contains nontrivial invariants. Then
(1) the ring
It is also known ( [GH, Proposition 2] ) that under the assumptions of Lemma 1, the ring Q is nonsingular and injective as a C H -module. This immediately implies that if ϕ : M → N is an onto C H -module map, where 0 = N ⊆ Q and M is injective, then N is also an injective C H -module. In particular, any principal left ideal Qq of Q is nonsingular and injective as a C H -module. Hence each finitely generated left ideal of Q (finitely generated as a left Q-module) is also injective over C
H . An important role will be played by the following result of Bergen, Cohen and Fischman on irreducible actions of Hopf algebras (see [BCF] , Theorem 2.2). 
Theorem 2. Let

Main results
Throughout this section H will be a pointed Hopf algebra over a field K. Recall that a ring R is said to be reduced if it does not contain nonzero nilpotent elements. It is well known that if r 1 , r 2 , . . . , r n are elements of a reduced ring R such that r 1 r 2 . . .
If R is a left H-module algebra with center Z(R), we say that the ring of in-
H is reduced. Indeed, suppose there exists 0 = a ∈ R H such that a 2 = 0. The left ideal Ra is H-stable, so one can find a nonzero element ra ∈ (Ra) H ∩ Z(R). Then ara = a(ra) = (ra)a = 0 and thus (ra) 2 = 0, which is impossible since Z(R) is reduced.
Our first main goal is to prove the following. The proofs require some preparation. Recall that a module M is called uniform if the intersection of any two nonzero submodules is nonzero. We start with the following general observation.
Theorem 3. Let R be a semiprime K-algebra with center Z and suppose R is a left H-module algebra, where H is a pointed Hopf algebra acting on R finitely of dimension N . If the subalgebra of invariants R
Lemma 5. Let M be an irreducible (uniform) left R#H-module and suppose that H acts finitely on M . Then M has finite length (finite Goldie rank) as a left R-module.
Proof. Let M be an arbitrary (not necessarily irreducible) left R#H-module. Let π : H → End K (M ) be a homomorphism of algebras induced by the action of H on M . By using the Taft-Wilson Theorem (see [M1, Theorem 5.4 .1]) we can decompose H as a finite union
where r ∈ R, m ∈ M and h i1 , h i2 ∈ H i−1 . Thus an easy induction argument shows that
, and so A α 0 contains a nonzero R#H-submodule, a contradiction. Consequently, by Zorn's Lemma, there exists an Rsubmodule A of M which is maximal with respect to containing no nonzero R#H-submodule. We can now consider the chain of R-submodules
Now suppose that M is irreducible (resp. uniform) as a left R#H-module. Since B (N ) = 0, for any R-submodule B properly containing A, we see that the factor R-module M/ A is irreducible (resp. uniform). If 1 ≤ i ≤ N − 1, then we can consider the maps
It is easy to see that ker ϕ i = A (i+1) . Therefore each ϕ i induces an embedding of the lattice of R-submodules of A (i) / A (i+1) into the lattice of R-submodules of M/ A. In our situation the R-module M/ A is irreducible, so each A (i) / A (i+1) is either the zero module or irreducible (resp. uniform) as an R-module. Therefore M has a finite length (resp. finite Goldie rank), not exceeding N , as an R-module.
Let Q = Q(R) be the symmetric Martindale quotient ring of R. From the result of Montgomery (see [M2, Corollary 3 .5]) it follows that when H is pointed, the H-action on R can be extended to an H-action on Q. Moreover, it is easy to see that if H acts finitely on R, then every essential ideal of R contains an H-stable ideal which is also essential in R (see [GH, Lemma 9] ). As a consequence of some basic properties of Q, we obtain the following.
Lemma 6. Let H be a pointed Hopf algebra and let R be a semiprime left H-module algebra such that R H is reduced and L
H is reduced and satisfies the same multilinear identity as
H is reduced. This also implies that l.ann Q (I H ∩ Z(R H )) = 0. By using an easy induction argument, we obtain that for any d ≥ 1, 
